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1 Introduction
Nowadays, attention in civil engineering is focused on
high performance structural materials. Like it or not, con-
crete is still a world wide leading structuralmaterial. Typically,
it is used in columns (due to its high bearing capacity in
compression) in high-rise buildings. The high performance
of the material also tends to substantial questions concern-
ing not only the bearing capacity, but also its ductility and
post-peak behavior. High strength concrete members usually
suffer from lower ductility. Thus, special attention must be
paid to the post-peak behavior of such columns, because
reduction of ductility can lead to a significant reduction of the
overall load bearing capacity of the structure during ab-
normal loading, such as earthquake or a terrorist attack,
for example. The problem of concrete ductility is compli-
cated by dependence on the amount of confinement, i.e. the
amount of transversal reinforcement. This concerns both
high and normal strength concretes. A better understanding
of concrete behavior in reinforced concrete structures such as
columns is needed, and precise and verified models are
required.
During the past decade, many authors have investigated
the load bearing capacity of columns and the confinement
effects of reinforcement. However, these studies have been
oriented mainly to strength investigations. Less is known
about the post-peak behavior of such columns. More-
over, studies are limited mainly to circular cross sections,
where the effect of confinement is very significant. Fam and
Ritzakalla [9] investigated a series of small to large-scale circu-
lar columns cast into steel and composite tubes. They showed
the importance of lateral confinement, what can lead to more
than a 100% strength increase. Unfortunately, no post-peak
investigation was performed. Similar results were obtained by
Mortazavi et al. [16] for concrete columns with pretensioned
carbon fiber polymer tubes. Existing knowledge about the
design of steel confined concrete is already incorporated in
Eurocode 8 [8]. It assumes the confining steel is fully utilized
(yielded) and cross sectional aspects are taken into account by
the confinement effectiveness coefficient (equal to one for
cylindrical cross sections). Some investigations of confine-
ment effects and also of size effect for reinforced concrete
columns can be found e.g. in Hollingworth [10], Bažant and
Kwon [1], Sener et al. [21]. However, these works concern
mainly strength issues and not the ductility.
2 Motivation
Eccentrically loaded reinforced concrete columns were
chosen for this research. Centric loading would not be suit-
able for our research, especially when post-peak behavior is
the matter of investigation (e.g. Němeček [13], [14]). The
choice of columns was influenced by the following facts. A
column is a typical structural element, which is used multiple
times in the structure. It has an enormous influence on the
ductility and overall performance of the structure. A combi-
nation of compression with small eccentricity produces a
relatively complicated triaxial stress state in the concrete,
which is longitudinally and transversally reinforced. The
character of the failure can be readily observed and mea-
sured.Measured parameters can be compared with themodel
simulation. All these considerations made the column a per-
fect candidate for this study.
3 Methods
Wedecided to study the problem both experimentally and
numerically. One typical geometry with a square cross section
was chosen for all tested columns. The columns were rein-
forced with the same amount of longitudinal reinforcement
and a variable amount of transversal reinforcement (stirrups).
Three different distances of stirrups were used. Two concrete
grades (normal and high strength) were tested. Thus, the
total number of studied cases was 6.
A three-dimensional finite element model for columns
was constructed. Some sophisticated three-dimensionalmate-
rial model, capable of describing all important natural
phenomena (such as tension and compression softening, path
dependence, anisotropy and so on), had to be used. The M4
microplane model (Bažant et al. [5], Caner and Bažant [6])
was our choice. The use of this model was justified for similar
applications (Brocca and Bažant [7], Němeček and Bittnar
[13]). The problem was studied using the OOFEM finite ele-
ment package [11] developed at theDepartment of Structural
Mechanics, CTU Prague.
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4 Experiments
4.1 Specimens
A common geometry for all columns was used. The col-
umns had a square cross section 150×150 mm and length
1150 mm. The longitudinal reinforcement (ribbed bars with
a diameter of 12 mm) was placed into the corners of the cross
section. The transversal reinforcement was formed by closed
stirrups with a diameter of 6 mm. The longitudinal distance
between the stirrups at themiddle part of the columns was 50,
100 and 150 mm (these dimensions are used in the sub-
sequent notation of the series, e.g. N50 is a normal strength
concrete column with a 50 mm stirrup distance at the mid-
height). The distance of the stirrups at the ends was denser to
prevent damage in this region caused by introducing the load
and by possible geometrical imperfections. The longitudi-
nal reinforcement was further fixed into massive end blocks
made of steel (80 mm in depth) for smooth load transfer.
The dimensions of the specimens and their reinforcement is
depicted in Fig. 1a. Each series consisted of five identical spec-
imens. The columns were loaded in uniaxial eccentric com-
pression. The eccentricity of the compressive load was 15 mm
(i.e. 0.1 of cross sectional depth).
4.2 Instrumentation
Experiments were carried out on a feedback control test
machine having a very stiff 12 MN/mm steel frame and maxi-
mum load 2500 kN (Inova DSM2500, CZ). The control was
based on a constant increment of longitudinal deformation.
Each specimen was equipped with a set of tensometric gauges
used for longitudinal strain measurements. Rotary potentio-
metric gauges were used for midheight lateral deflection
measurements. The measured experimental parameters were
as follows: overall axial force, midheight lateral deflection,
strains measured over the whole length of the column (base
960mm), strains at the ends of the column (base 50mm). The
type and character of the failure was also observed. The gauge
arrangement is depicted in Fig. 1b.
4.3 Materials
It was decided to study the confinement effects of stir-
rups on two grades of concrete: normal (N series) and high
strength (H series). The concrete mixture proportions are
given in Table 1. Uniaxial compression tests on cylinders
(diameter 150 mm, height 300 mm, six for each series) were
performed. An average measured stress-strain diagram of
cylinders is shown in Fig. 2. It is clear that not only the peak
strengths but also the ductility are different for the two con-
crete mixtures. N series was much more ductile than H series
as can be seen from the post-peak slope in Fig. 2. Stress-strain
diagrams of the cylinders were used for subsequent cali-
bration of the microplane model. The mean strengths and
standard deviations for concrete (in uniaxial compression)
and steel (in uniaxial tension) are given in Table 2.
4.4 Test results
The behavior of all series was very similar. Almost all
specimens failed around the midheight. As an example, all
specimens of series N100 after collapse can be seen in Fig. 3 a.
Column collapse was initiated by concrete softening at the
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(a) (b)
Fig. 1: (a) Geometry of specimens in mm, (b) gauge arrangement
and corresponding measured parameters (F stands for
overall force, w stands for midheight lateral deflection, 0
is overall longitudinal strain and T and B are top and
bottom strains measured at column ends)
Series Aggregate(0–4) mm
Aggregate
(4–8) mm Cement Water Plastisizer
N 800 880 350 204 –
H 800 880 420 120 8.4
Table 1: Concrete mixture proportions (kg/m3)
Fig. 2: Stress-strain diagrams measured on cylinders in uniaxial
compression tests (mean values) and corresponding com-
puted curves used for calibration of the microplane model
N series H series Longitudinal
reinforcement
Stirrups
301.6 67.23.4 56112.2 31411.6
Table 2: Mean values of material strengths  standard deviations
(uniaxial compression for concrete and uniaxial tension
for reinforcement, all in MPa)
midheight, accompanied by symmetric buckling of both re-
inforcing bars at the compressed side of the cross section.
The bars always buckled between stirrups, as can be seen in
Fig. 3b. Failure localized at the middle part of the column
where a wedge-shaped pattern developed (see Fig. 3 c).
The front longitudinal dimension of the wedge was mea-
sured to characterize the size of the damage zone (labeled as o
in Fig. 3c). The dimensions of the damage zone for all series
are summarized in Table 3. Note that these dimensions are
just guide values because it is hard to find a sharp end of the
damage zone in concrete and also the final force applied in
the column was not absolutely the same for all specimens
(loading finished at approximately 3010 % of the peak
force). However, it can be seen that the damage zone is
approximately equal for all series regardless of the density of
the stirrups. The means that the damage zone runs across
one or more stirrups but the damage size remains approxi-
mately the same.
The yield plateau in the force-deflection curve was very
small and the load-bearing capacity decreased from the peak
value. The loading diagrams plotted for overall axial force
versus midheight lateral deflection are shown in Fig. 4 for all
series. The peak values of deflection and force for all series
are summarized in Table 4. The results show no significant in-
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(a) (b) (c)
Fig. 3: Experiments: (a) series N100 after collapse, (b) front view of the damaged zone at the midheight, (c) side view of the damage zone
(wedge shape)
Specimen Dimension o Specimen Dimension o
N50 25011.7 H50 26618.5
N100 25618.6 H100 24016.3
N150 19615.0 H150 2139.4
Table 3: Dimensions of the wedge-shaped damage zone (all di-
mensions in mm)
Fig. 4: Experiments: Force vs. midheight lateral deflection diagrams of N (left) and H (right) series
Peak deflection wexp
[mm]
Peak force Pexp
[kN]
N50 3.840.18 617.618.7
N100 3.690.35 607.811.8
N150 3.480.44 602.215.9
H50 2.750.21 1053.245.7
H100 2.710.16 1038.446.2
H150 2.380.41 1007.055.1
Table 4: Experimental results: mean peak values of midheight
lateral deflection and overall axial force  standard
deviations
fluence of density of stirrups on the peak values, i.e. strength
and strain. However, this dependence occurs in the post-
-peak region. The ductility characterized by the slope of the
force-deflection diagram increases as the distance between
the stirrups decreases.
Tensometric measurements of longitudinal strains were
also performed. The strain was measured over the whole
length of the column and at the ends. The measurements at
the ends of columns showed unloading in this area after
reaching the peak load (see Fig. 5 where a specimen from the
H100 series was taken as an example). This provided a clear
evidence of the localization of the deformation in the middle
part of the column while the remaining part underwent
unloading.
5 Numerical simulation
5.1 Computational model
A three-dimensional finite element model of the speci-
mens was developed. The microplane model M4 (Bažant et
al. [5], Caner and Bažant [6]) was chosen as a model for
concrete due to its capability to describe many natural phe-
nomena of this material, such as compression and tension
softening, path dependence, development of anisotropy and
others. It is a conceptually simple but computationally de-
manding triaxial model. The crucial aspect of a constitutive
model of such a kind is proper fitting of the material parame-
ters. The microplane model constitutive relations are based
on a set of parameters that have generally no direct physical
meaning. By an optimal fitting of standard uniaxial compres-
sion tests on cylinders (see Fig. 2) the sets of material para-
meters for two concrete grades, N and H were found. The
appropriate set of material parameters was always used for
computations of all specimens of N series and all of H series,
respectively. The microplane model parameters for concrete
are summarized in Table 5.
Structured meshes were generated for all columns, be-
cause only local formulation of the microplane model was
used. This means that the energy dissipated from each ele-
ment must be kept constant in order to receive mesh inde-
pendent results. Thus, the models consisted of the same size
cubic elements in the middle part of the column where the
microplane model was used. The end parts of the columns
were modeled as elastic to save computational time. The re-
inforcement was modeled by 3D beam elements with both
geometrical and material nonlinearities (J2 plasticity with
hardening), in order to capture also yielding and buckling.
The FE model of the RC column is shown in Fig. 6. The de-
formed geometry is depicted in the post-peak phase, where
the deformation is already localized in the middle part. The
deformed embedded reinforcement buckling at midheight
between the stirrups can also be seen in Fig. 6.
Details concerning the FE model and the computational
times are mentioned in Table 6. The number of elements var-
ied only slightly between the 50, 100 and 150 series due to the
slightly different amount of stirrups. As a side effect, some
computational aspects were observed for the model. The
computation times are very long on a single processor PC.
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Fig. 5: Strain measured at the compressed side of RC column over
the whole length and at the end
Series E k1 k2 k3 k4 c3 c20
MPa nondimensional microplane model M4
parameters
N 33000 0.000088 500 15 150 4 1.0
H 46039 0.000140 500 15 150 4 0.4
Table 5: Material parameters of the microplane model M4 for
concrete
Fig. 6: Finite element mesh: initial geometry, deformed geome-
try, deformed embedded reinforcement (specimen H50)
Series
Number
of degrees
of
freedom
Number
of
elements
Number
of
load
steps
Time of
computation
N/H 33585 10024 to 10280 10000 35:38/55:10 h
Table 6: Details of FE model and computational times (Pentium
IV-2GHz, 1 GB RAM)
This indicates the high computational complexity of the
microplane model. This is the penalty to be paid for such
a complex but concise material model. This model feature
can be overcome by using a parallel approach, for instance
Němeček et al. [15].
5.2 Structural analysis
As was mentioned above, the microplane model is very
computationally demanding.Moreover, theM4 version of the
model gives no direct formulation of the tangential stiffness
matrix and the only way is to use the initial elastic stiffnessma-
trix throughout the computation, which gives a very slow con-
vergence. The solution is to use nonlinear dynamic analysis –
explicit integration (Němeček [14], Němeček et al. [15]). To
solve a static loading, we used a special form of the load time
function d(t) that minimizes inertia forces (Řeřicha [20]). The
formula has the form
d t A
t
T
t
T
( )  




	





	3
2
,
where T is the total time of computation and A is a constant
dependent on the final displacement. The load time function
was applied as a displacement at the appropriate points at
the top of the columns. The problem was solved using the
OOFEM FE-code ([11], Patzák [18], [19]) developed at the
Department of Structural Mechanics at CTU in Prague.
5.3 Results of the simulation
It was found that the model is capable of capturing all im-
portant features of RC-column behavior. It can give a good
prediction of the shape and size of the damage zone in con-
crete and in buckling of steel (see Fig. 7). The deformation of
the FE-mesh is depicted in Fig. 6, where one can see the over-
all deformation of the column in the post-peak phase and also
the deformed reinforcement with buckled longitudinal bars
between the midheight stirrups. The computed loading dia-
grams are shown in Fig. 8, where the overall axial force is plot-
ted versus the midheight lateral deflection for all series.
If we perform a comparison of the computed diagrams
(Fig. 8) with their experimental counterpart (Fig. 4) we can
draw the following conclusions. The character of the failure,
including the softening branch, is in good agreement with ex-
periments. It lacks a yielding plateau as in the experiments,
however it does not follow the slope of the experimental curve
in the post-peak region. The model gives a less ductile re-
sponse in this case. The peak values of the loading diagram
were captured relatively well by the model. One must bear in
mind that the material parameters were extracted from uni-
axial compression tests only. This means that no further
fitting of experimental data on the columns was done. The
peak values together with the percentage change with respect
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Fig. 7: Comparison of experiment (left) and FE model. Damage
zone with buckled reinforcement
Fig. 8: Simulation: Force vs. midheight lateral deflection diagrams of N (left) and H (right) series
Series Peak
deflection
Peak
force
Percentage change with
respect to experiments
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N50 2.33 623.9
39.3 % 1.0 %
N100 2.38 594.2
35.5 % 2.2 %
N150 2.10 614.6
39.6 % 2.1 %
H50 3.40 1096.6
23.6 % 4.1 %
H100 3.25 1059.7
19.9 % 2.1 %
H150 3.00 1053.7
26.1 % 4.6 %
Table 7: Numerical results: peak values of midheght lateral de-
flection and overall axial force
to the experimental results (see Table 4) are summarized
in Table 7. The values of the peak force are in excellent
agreement with the experiments (within 5 %), while the peak
deflections are less satisfactory (within 20–40 %).
The reason for the different results in post-peak behavior
between the simulation and the experiments is probably
that the concrete-steel interaction was not taken into account.
No bond of reinforcement was assumed. The reinforcement
modeled by beam elements was connected only to nodes
of the corresponding finite element. The interaction of mate-
rials is what makes the column more ductile in the post-
-peak regime in comparison with only plain concrete and a
plain steel structure. A consequence of this finding is that
the pre-peak behavior of the columns is not very strongly
influenced by the concrete to steel interaction, while for
the post-peak behavior the interaction cannot be neglected.
However, incorporation of the concrete/steel interaction into
the model and the corresponding experimental measure-
ments are beyond the scope of this study.
6 Conclusions
The behavior of six series of reinforced concrete columns
with a square cross section was investigated. Two different
grades of concrete (normal and high strength) and three
different densities of stirrups were chosen. The columns were
loaded in eccentric compression with small eccentricity. The
problem was studied experimentally and numerically. A com-
putational model based on the M4 microplane model for
concrete (Bažant et al. [5], Caner and Bažant [6]) was con-
structed and used for simulation of the problem. The major
experimental and numerical results are as follows:
 Compression failure (crushing) accompanied by concrete
softening and steel buckling developed in the columns.
 Failure of columns localized into the middle part, where a
wedge-shape failure pattern developed in the concrete,
together with buckling of the reinforcement between the
stirrups. The damage zone had approximately the same
dimensions for all tested series.
 The influence of the density of the stirrups on the column
strength was negligible in the investigated cases (i.e. square
cross section, stirrup density 50 mm–150 mm).
 A significant influence of stirrup density was observed in
the post-peak region. The post-peak is characterized by the
lack of a yield plateau, and the slope of the descending
branch depends on the density of the stirrups. The ductility
of the columns increases as the distance between stirrups
becomes smaller. This was observed for both normal and
high strength concretes.
 The proposed computational model based on the M4
microplane model (Bažant et al. [5], Caner and Bažant [6])
is able to provide a good description of all observed
parameters, such as the shape and size of the damage pro-
cess zone, the buckling of steel reinforcement, the load ca-
pacity of the structure (peak values), and the character of
the post-peak behavior (decreasing load with increasing
deformations).
 The computational model gives less ductility in the post-
-peak region, which is caused by the lack of steel to concrete
interaction in the model. The model should be improved
in this feature.
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